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Development of Arbitrary Precision Solver based on Classical Error Estimation
for Real Algebraic Equations of Degree less than or equal to 4

SEAEK
Tomonori KOUYA*

Abstract: Most numerical algorithms are based on the discretization of original continous problems, and these algorithms
are executed by using finite precision floating-point arithmetic operations. Therefore, the numerical results obtained
throught such floating-point operations have two types of errors; theoritical errors derived from the discretization, and
round-off errors derived from the finite precision floating-point arithmetic operations. A well-known a posteriori and
empirical error estimation method is used to estimate errors separately by comparing several numerical results obtained
under different conditions. We call this method “Classical Error Estimation (CEE).” We have proved experimentally
that CEE-based algorithms employed for eigenvalue problems for symmetric matrices, nonlinear equations, and initial
value problems for ordinary differential equations, provide efficient results. However, a large number of problems remain
unsolved; we target the solving of such problems by the application of the CEE method. Real algebraic equations are one
of the problems and they often appear in various fields. Equations of degree less than or equal to 4 can be solved through
finit algebraic manipulations; a CEE-based arbitrary precision solver requires only the estimation of round-off errors.
Therefore, they are suitable for verifying the CEE-based estimation of round-off errors. In this paper, we demonstrate
that the CEE method can be applied to various real algebraic equations of degree less than or equal to 4, and this method
is highly efficient in obtaining user-required precision numerical results.
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Table 1: BYHEIE NV R 7w 7 DFIRE: BXREE U LHENSEE

2nd degree
Relative Errors: Re, Im
Eq.No. t root 4
a-No. | Exact roo U=20 U=50 U =100 U = 1000
(15) -54 0, 0 0, 0 0,0 0, 0
0.00000001 | 7.1e—22, 0 | 2.5e—51, 0 | 1.4e— 101, 0 | 1.3e— 1001, 0
a6) -1+3i [0,32e-21{0,23e~52 {0, 1.3e~101 | 0, 2.5¢ — 1002
131 [0,32e-21{0,23e—52 |0, 1.3e— 101 | 0, 2.5¢ — 1002
an 1.20001 1.5e—21,0 | 2.7e~51, 0 | 3.4e—101, 0 | 43e—1001, 0
12 23e—-21,0 | 1.8e—51,0 | 1.9e— 101, 0 | 6.3e — 1001, 0
3rd degree
Relative Errors: Re, Im
Eq.No. | Exact root =20 =50 U =100 U = 1000
3 0,0 0, 0 0,0 0,0
(18) 2 0,0 0,0 0, 0 0,0
1 0, 0 0, 0 0,0 0,0
5 0, 0 0, 0 0,0 0, 0
(19) -1 0,0 0, 0 0,0 0, 0
-1 0,0 0,0 0,0 0,0
-1 0,0 0, 0 0,0 0,0
(20) -1 -3 |0,39-21 0, 26e-52]0, 1.0e~102 | 0, 3.8¢ — 1001
-1+ i 10,39 -21026e-52]0, 1.0e—102 | 0, 3.8¢— 1001
-1 0, 0 0,0 0,0 0,0
1) -1 0, 0 0,0 0,0 0, 0
=1 0,0 0,0 0,0 0,0
—1-v3 | 29e-21,0] 38 -51,0 | 3.4e—101, 0 | 6.8 1001, 0
(22) “1+V3 | 1.6e—21,0 | 54e—52, 0 | 3.0e— 101, 0 | 5.9¢— 1002, 0
-1 0,0 0, 0 0,0 0,0
4th degree
Relative Errors: Re, Im
Eq.No. Exact root 2
a-No xact roo U=20 U=50 U =100 U = 1000
1+2V2i | 0, 1.9e—21]0,29e—51 | 0, 2.0e— 101 | 0, 3.4e — 1001
@) 1-2v2i | 0, 1.9e-21]0,29e—51 | 0, 2.0e— 101 | 0, 3.4e — 1001
—2+1i 0,0 0,0 0, 0 0,0
—2—i 0,0 0,0 0, 0 0, 0
—2+V3i | 0,32e—21|0,23e-52] 0, 1.3e~ 101 | 0, 2.5¢ — 1002
34) —2-V3i | 0,32 —-21]0,23e-52] 0, 1.3e—101 | 0, 2.5¢ — 1002
~10000 0,0 0,0 0,0 0, 0
0.01 856-22,0 | 6.7e—52,0 | 1.le— 101, 0 | 6.5 1001, 0
1+V5i |0, 23e-21]0, 87—52] 0, 4.5e—101 | 0, 4.3e — 1001
25) 1-V5i |0, 23¢-21]0, 87e—52 |0, 45¢—101 | 0, 43¢ — 1001
—2 0,0 0, 0 0,0 0,0
~2 0, 0 0,0 0,0 0,0
2 0,0 0, 0 0,0 0,0
2 0,0 0,0 0,0 0,0
(26) 2 0,0 0,0 0,0 0, 0
2 0,0 0,0 0,0 0,0
Ly By [0,32e-2110,23e—52 | 0, 1.3¢— 101 | 0, 2.5¢ — 1002
@7 -1+ 8i [0,32e-21[0,23e-52 |0, 1.3e-101 | 0, 2.5¢ — 1002
1B [0,32e-21]0,23e-52]0, 13e—101 | 0, 2.5¢ — 1002
-1 - Bi 10,32e-21|0,23e-52 |0, 1.3¢—101 | 0, 2.5¢ - 1002
1.00001 8.8¢-22,0 | 53e~51,0 | 1.7e— 101, 0 | 3.2e — 1001, 0
8) 0.99999 | 8.8¢—-22,0 | 5S.0e—53,0 | 1.7e— 101, 0 | 6.3e— 1001, 0
0.99998 | 1.8¢e—21,0 | 9.9¢~53, 0 | 22— 101, 0 | 3.1e— 1001, 0
1.00002 | 1.8e—21,0 | 99¢e—53, 0 | 3.5¢— 101, 0 | 6.4 — 1001, O
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Table 3: BRMEE U L HEMEOZE (1/3)

2nd degree
Eq.No. U Changes of S(L)
20 34(48)
50
(15) 64(78)
100 114(128)
1000 1104(1208)
20 30(40)
50 6
(16) 0(70)
100 110(120)
1000 1100(1200)
20 36(52)
50 66(82)
17
a7 100 116(132)
1000 1106(1212)

2, 3IXABERDHEIZY v B—ELETTBI L kL
EIRBEOBIBOLNTVEI NSNS, FRUIHLT, 4
RAEBROBERSZHDOENE (25), H5WVIEHHEZIC
K BHEBOKEIZME Q) ICBWVWT, BERK4EOY FSA%
ToTWBT ehoghsd,

KRHT (28) DIFETIE, FHENTED LB NS VBRI Ferrari
EREOFRBOFEFEHBEICB VT OISR A F X fHIC
BBTENDHD, FNEVAN—TBZEDICY S AEED
XL TW5, IEEE754 fEFEEETEERDSE TR 'O D& D &
FIEFRCHETH ST &, RERIICIZEREE OELUENE
HNTWVB T ehD, EICEBUHRENTAZENEIC X 25
EEbhsh, BREATIREBITTE TV,

LHhL, REEET7IVII XLOEETHB EMNTDY
oA EEIC K o> THHREICEN S C &id, B4 OEERBEH
H7 )Y XLOEFEMEIC/ZDES, 5%, BICREMLR
B U TR T LBROERKRR TR ECE L EbNn s,

7. TEHESHDEE
DUIERANTEL I, HLD 4 RUTOEERBERES

BV IUNIE, 2TORIREICH L Ta—YOEREE i d

T 5ALUENEONE T EAHBIL -, LML, Ferrari D



FHREEE TR RSO R

Table 4: BRFEE U L aHEHEDOZAL (2/3)

3rd degree
Eq.No. U Changes of S(L)
20 31(42)
50 1(72
(18) 61(72)
100 111(122)
1000 1101(1202)
20 31(42)
50 61(72)
(19) 100 111(122)
1000 1101(1202)
20 31(42)
50 61(72)
21
20) 100 111(122)
1000 1101(1202)
20 30(40)
50 60(70)
2
@n 100 110(120)
1000 1100(1200)
20 32(44)
50 62(74)
22
22) 100 112(124)
1000 1102(1204)

Table 5: BERIEE U LEIEMHEODZE(L (3/3)

4th degree
Eq.No. U Changes of S(L)
20 32(44)
50 62(74)
23) 100 112(124)
1000 1102(1204)
20 41(62)
50 71(92)
24) 100 121(142)
1000 1111(1222)
20 39(58) — 42(64)
@5 50 69(88) — 78(106) — 106(162)
100 119(138)
1000 | 1109(1218) — 1218(1436) — 1436(1872)
20 31(42)
50 61(72)
(26) 100 111(122)
1000 1101(1202)
20 30(40)
50 60(70)
@7 100 110(120)
1000 1100(1200)
20 31(42) — 42(64) — 64(108)
28) 50 61(72) — 72(94)
100 111(122) — 122(144)
1000 | 1101(1202) — 1202(1404) — 1404(1808)
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B4 DORET ZHHMAGEETEE L, b < ETRENZM
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T, ARETERELRE 4 RUTOEERAREAERVIVAEL
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YF 2V T HEEDS, T OIRFEE T 1000 Hricil
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